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ABSTRACT
This article presents a method of constructing a rich class of orthogonal designs that include orthogonal
Latin hypercubes as special cases. Two prominent features of the method are its simplicity and generality.
In addition to orthogonality, the resulting designs enjoy some attractive space-filling properties, making
them very suitable for computer experiments.

1. Introduction

The study of orthogonal Latin hypercubes has been of consid-
erable interest in the literature of designing computer experi-
ments. Although some research had been done earlier on nearly
orthogonal Latin hypercubes, Ye (1998) was the first to con-
struct Latin hypercubes that are exactly orthogonal. This line
of research was further pursued, resulting significant enhance-
ments in the methods and results, in Steinberg and Lin (2006),
Lin, Mukerjee, and Tang (2009), Pang, Liu and Lin (2009), Sun,
Liu, and Lin (2009), and Lin et al. (2010). It was argued in Bing-
ham, Sitter, and Tang (2009) that orthogonal designs with many
levels are as suitable for computer experiments as orthogonal
Latin hypercubes. Construction of such orthogonal designs was
further studied by Georgiou (2011). Orthogonality is of impor-
tance when polynomial modeling is considered, and can also be
viewed as a simple device to get closer to space-filling designs.

It has been widely accepted that space-filling designs are
appropriate for computer experiments especially whenGaussian
process models are under consideration (Santner,Williams, and
Notz 2003; Fang, Li, and Sudjianto 2006). One approach of con-
structing space-filling designs is through computer search using
popular criteria based on measures of discrepancy or distance;
an example of such work is that of Joseph and Hung (2008)
who considered the construction of orthogonal-maximin Latin
hypercube designs. A more fruitful approach is to construct
designs that are space-filling in low-dimensional projections
using orthogonal arrays or similar structures. This went back to
McKay, Beckman, and Conover (1979) who introduced Latin
hypercubes, which are orthogonal arrays of strength one. Owen
(1992) and Tang (1993) considered randomized orthogonal
arrays and orthogonal array-based Latin hypercubes, represent-
ing an important development in this area. More recently, He
and Tang (2013) introduced strong orthogonal arrays andMuk-
erjee, Sun, and Tang (2014) studiedmappable nearly orthogonal
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arrays, bothwith the purpose of constructing better space-filling
designs than those based on ordinary orthogonal arrays.

This article presents a general method of constructing
orthogonal designs that are space-filling in low-dimensional
projections. Though the basic idea of rotation-in-groups as in
Steinberg and Lin (2006), Lin, Mukerjee, and Tang (2009), and
Pang, Liu, and Lin (2009) is still relevant, our newmethod enjoys
several advantages. It is simple, requiring no use of finite fields
and projective geometries. Our method is general, not only in
the flexibility of the run size and the number of levels but also
in the capability of constructing a broader class of orthogonal
designs than orthogonal Latin hypercubes. Most importantly,
the method produces designs that are not just orthogonal but
also space-filling in low dimensions—this, in fact, is the primary
motivation behind the work in this article.

We conclude this section with a general discussion on the
modeling and analysis of computer experiments. Gaussian pro-
cess models are commonly employed for analyzing data from
computer experiments (Santner, Williams, and Notz 2003). It
has been widely accepted that space-filling designs are appro-
priate for such models. One formal justification for space-filling
designs was given in Johnson, Moore, and Ylvisaker (1990)
who showed that minimax and maximin distance designs are
asymptotically optimal when the correlations are getting weak.
Another justification for space-filling designs is their robustness
to model misspecification, the idea of which went back to Box
and Draper (1959) and Sacks and Ylvisaker (1984) who showed
that spreading the design points uniformly in the design region
has an effect of minimizing the bias of the fitted model. In an
exploratory investigation where the experimenter aims at iden-
tifying a few dominant factors out of a large number of factors—
the screening experiment setting, polynomial models with the
first and perhaps also second-order terms are very convenient to
use (Ye 1998). Such models should be well served by orthogonal
Latin hypercube designs or more generally orthogonal designs
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with many levels. Our work in this article constructs a class of
designs that are not just orthogonal but also space-filling, which
should therefore be very suitable for computer experiments as
one now has the flexibility of contemplating the use of both
Gaussian process models and polynomial models. This provides
a kind of robust property that has a flavor similar to the estima-
tion capacity for fractional factorial designs discussed in Cheng,
Steinberg, and Sun (1999).

2. Method and Results

2.1. Notation and Preliminaries

We use D(n, sm) to denote a balanced design of n runs for m
factors, with each of the s levels replicated equally often. When
s = n, design D(n, sm) becomes a Latin hypercube. To facilitate
the study of orthogonality, the s levels are equally spaced, cen-
tered, and taken to be

�(s) = {u − (s + 1)/2 | u = 1, . . . , s}, (1)

where the uth level is given by u − (s + 1)/2 for u = 1, . . . , s.
Thus, the levels are −0.5, 0.5 for s = 2 and −1, 0, 1 for s = 3.
A D(n, sm) is said to be orthogonal if dTi d j = 0 for any two of
its columns di and d j; in this case, we use OD(n, sm) to denote
such an orthogonal design. A D(n, sm) becomes an orthogonal
array of strength t if each t-tuple occurs the same number of
times in any of its n × t submatrix; such an orthogonal array
is denoted by OA(n, sm, t ). For an OA(n, sm, t ), we must have
n = λst for some integer λ, which is called the index of the array.
Obviously, any D(n, sm) is an orthogonal array of strength one
and any OA(n, sm, t ) with t ≥ 2 is an OD(n, sm).

Let A be an OA(n, sm1 , 2) and B an OA(s, pm2 , 2), where
s and p need not be prime powers, though they often are. In
each column of A, if we replace the uth level, for u = 1, . . . , s,
by the uth row of B, then the resulting matrix C must be an
OA(n, pm1m2 , 2). This is the expansive replacement method dis-
cussed in Hedayat, Sloane, and Stufken (1999, sec. 9.3). Cru-
cial to our article is another property of the resulting array C,
an OA(n, pm1m2 , 2), which we discuss next. Though simple, this
property has not been mentioned in the literature, at least to the
best of our knowledge. To be precise and also for the later devel-
opment, writeC as

C = (C1,C2, . . . ,Cm1 ), (2)

where Ci represents the ith group of m2 columns arising from
replacing the levels in the ith column ofA by the rows of B. Then
we have the following result.

Proposition 1. Any four columns, obtained by taking two
columns from one group Ci1 and two columns from another
group Ci2 where i1 �= i2 must form an OA(n, p4, 4), a strength
four array.

The result is quite intuitive. We provide a proof nonetheless
in the appendix for those readers who are interested in rigorous
derivations.

Proposition 1 says that although C is an orthogonal array of
strength two, many of its four-column subarrays in fact have
strength four. Though not relevant to the objective of this article,

it is at least mathematically interesting to note that Proposition 1
can be generalized in a number of ways. For instance, if A is still
of strength two but B is of strength three, then any six-column
subarray of the resulting C obtained by taking three columns
from one group and three columns from another group is an
orthogonal array of strength six.

2.2. Design Construction andOrthogonality

Using Proposition 1, we now reorganize the columns of C =
(C1,C2, . . . ,Cm1 ) as in (2) into sets of four columns, each being
an OA(n, p4, 4). To ensure there are no leftover columns, let
both m2 and m1m2/2 be even, and write m2 = 2k. This means
that m1 can be any integer if m2 is a multiple of 4 and m1 has
to be even ifm2 is even but not a multiple of 4. For them2 = 2k
columns in each groupCi, we form k pairs of columns by writing
Ci as

Ci = (Pi1,Pi2, . . . ,Pik), for i = 1, . . . ,m1,

where each pair Pi j is composed of two columns from groupCi,
and altogether Pi1,Pi2, . . . ,Pik exhaust all them2 = 2k columns
ofCi. Now order them1k pairs as

P11,P21, . . . ,Pm11,P12,P22, . . . ,Pm12, . . . ,P1k,P2k, . . . ,Pm1k.

(3)
Since any two successive pairs in the above list are from dif-
ferent groups, if we take two pairs at a time in the order given
in (3), we obtain q sets of four columns, each of which is an
OA(n, p4, 4), where q = m1k/2 = m1m2/4. Let these sets be
C(1),C(2), . . . ,C(q) and further let

C∗ = (C(1),C(2), . . . ,C(q)). (4)

It is seen thatC∗ andC consist of the same set ofm1m2 columns;
while the columns inC are inm1 groups of sizem2 with the prop-
erty as described in Proposition 1, the columns ofC∗ are in q sets
of size 4, each being an OA(n, p4, 4), where q = m1m2/4. Now
define

D∗ = (C(1)R,C(2)R, . . . ,C(q)R), (5)

where

R =

⎡
⎢⎢⎢⎣
p3 −p2 −p 1
p2 p3 −1 −p
p −1 p3 −p2

1 p p2 p3

⎤
⎥⎥⎥⎦ , (6)

which is a rotation matrix up to a constant.

Theorem 1. Design D∗ constructed above and given in (5) is
an OD(n, (p4)m), an orthogonal design for m = m1m2 factors,
each with p4 levels, and becomes an orthogonal Latin hypercube
when n = s2 and s = p2.

Unlike the method in Steinberg and Lin (2006) and Pang,
Liu, and Lin (2009), our construction method requires no use
of finite fields and projective geometries, and in particular does
not require s and p to be primes or prime powers. Moreover, our
method can construct a richer class of orthogonal designs than
orthogonal Latin hypercubes. When the starting arrays A and B
both have index unity, the resulting design D∗ is an orthogonal
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Latin hypercube.When one or more of the starting arraysA and
B do not have index unity, our method is still applicable, result-
ing in an orthogonal design with many levels. To illustrate these
generalities, we give three applications of our method.

Application 1. Take A as an OA (sk1 , s(sk1−1)/(s−1), 2) and B as
an OA (s, p(pk2−1)/(p−1), 2) where p is a prime or prime power
and s = pk2 . Both arrays are from the Rao–Hamming construc-
tion (Hedayat, Sloane, and Stufken 1999, sec. 3.4). To apply
our method, one column may need to be deleted from A or
B or both to make both m2 and m1m2/2 even. An applica-
tion of our method then gives rise to an OD(n, (p4)m), an
orthogonal design of n = sk1 runs for m = m1m2 factors, each
with p4 levels, where m1 = (sk1 − 1)/(s − 1) or (sk1 − 1)/(s −
1) − 1 and m2 = (pk2 − 1)/(p− 1) or (pk2 − 1)/(p− 1) − 1.
When k1 = k2 = 2, both arrays A and B have index unity, the
resulting orthogonal design is an orthogonal Latin hypercube.
For one example, taking p = 3 and k1 = k2 = 2, we obtain
an orthogonal Latin hypercube of 81 runs for 40 factors. For
another example, taking p = 3, k1 = 3, and k2 = 2, we obtain an
OD(729, 81364). In both examples, no deletion of a column from
A or B is necessary as B = OA(9, 34, 2) already has m2 = 4, a
multiple of 4.

Application 2. Take B as in Application 1, and take A as
an OA(2sk1 , s2(sk1−1)/(s−1)−1, 2), which is from the Addelman–
Kempthorne construction (Hedayat, Sloane, and Stufken 1999,
sec. 3.3). Then our method generates an OD(n, (p4)m), an
orthogonal design of n = 2sk1 runs form = m1m2 factors, each
with p4 levels, where m1 = 2(sk1 − 1)/(s − 1) − 1 or 2(sk1 −
1)/(s − 1) − 2 and m2 = (pk2 − 1)/(p− 1) or (pk2 − 1)/(p−
1) − 1. For p = 3 and k1 = k2 = 2, we obtain anOD(162, 8176).

Application 3. Take A as an OA(n, sm1 , 2) and B as an
OA(s, 2m2 , 2), where s is a multiple of 4, and both m2
and m1m2/2 are even. An application of our method gives
an OD(n, 16m) where m = m1m2. For one example, if we
take A as an OA(144, 127, 2) and B as an OA(12, 28, 2),
we obtain an OD(144, 1656). For another example, let A be
an OA(144, 126, 2) and B an OA(12, 210, 2), we obtain an
OD(144, 1660). If an orthogonal design of 144 runs for 56 factors
is required by a computer experiment, we can use the first design
directly or the seconddesignwith four columns deleted. The two
choices both end up using orthogonal designs of 144 runs for 56
factors each with 16 levels, but the two designs actually have dif-
ferent space-filling properties, a topic to be examined in the next
section.

2.3. Space-Filling Properties

The designs constructed in Section 2.2 have some attractive
space-filling properties, which we will study next. For any col-
umn c ofC∗ in (4), by inspecting the form of matrix R in (6), we
see that the column d of D∗ in (5) that corresponds to c has the
following form:

d = cp3 ± c′p2 ± c′′p± c′′′, (7)

where c and c′ are in the same pair and so are c′′ and c′′′, and
up to a column permutation (c, c′, c′′, c′′′) is C( j) for some j =
1, . . . , q. Henceforth, if two columns are in the same pair, we say

that one is the companion of the other. Therefore, for example,
c′ is the companion of c and vice versa.

Consider the mapping

f (x) =
[
x + (p4 − 1)/2

p3

]
− (p− 1)/2 for x ∈ �(p4),

(8)
which collapses the p4 levels in �(p4) into the p levels in �(p),
where �(s) represents the s centered equally spaced levels as
given in (1). For example, with p = 2, collapsing the 16 levels
into 2 levels by this mapping works as follows:

−7.5, −6.5, −5.5, −4.5, −3.5, −2.5, −1.5, −0.5 −→ −0.5
0.5, 1.5, 2.5, 3.5, 4.5, 5.5, 6.5, 7.5 −→ 0.5.

For p = 3, we have

−40, −39, −38, . . . , −16, −15, −14 −→ −1
−13, . . . , −1, 0, 1, . . . , 13 −→ 0
14, 15, 16, . . . , 38, 39, 40 −→ 1.

Remark 1. The mapping for level collapsing in (8) is not as intu-
itive as one would like. This is all because of centering in our use
of the levels. If the s levels were chosen as 0, 1, . . . , s − 1, then
collapsing p4 levels into p levels could be simply done using the
mapping [x/p3]. The two extra terms (p4 − 1)/2 and (p− 1)/2
are needed in (8) so as to take care of the centered levels.

With the mapping in (8) and by recalling that like C, design
C∗ is an OA(n, pm, 2), the following result is obtained.

Proposition 2. Design D∗ in (5) becomes design C∗ in (4) after
level collapsing as given in (8), which means that D∗, as an
orthogonal design of p4 levels, achieves a stratification on a
p× p grid in any two dimension.

Proposition 2 is established if we can show that d becomes
c after level collapsing by (8), that is, f (d) = c, where d and c
are as in (7). A proof of this is given in the appendix. Steinberg
and Lin (2006) presented a special case of Proposition 2. This
space-filling property, though not discussed in Pang, Liu, and
Lin (2009), also holds for their designs.Wenext establish amuch
stronger space-filling property for our designs.

Consider two columns d1 and d2 of D∗. By (7), they can be
written as

d1 = c1p3 ± c′1p
2 ± c′′1 p± c′′′1 and

d2 = c2p3 ± c′2p
2 ± c′′2 p± c′′′2 , (9)

where as before c′1 is the companion of c1 and c′2 is the companion
of c2 and so on. Nowwe collapse the p4 levels in�(p4) of d1 and
d2 into the p2 levels �(p2) using the mapping

g(x) =
[
x + (p4 − 1)/2

p2

]
− (p2 − 1)/2 for x ∈ �(p4).

(10)
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For p = 2, by g(x), the 16 levels are mapped into the 4 levels
according to

−7.5, −6.5, −5.5, −4.5 −→ −1.5
−3.5, −2.5, −1.5, −0.5 −→ −0.5
0.5, 1.5, 2.5, 3.5 −→ 0.5
4.5, 5.5, 6.5, 7.5 −→ 1.5.

Then we must have

g(d1) = c1p± c′1 and g(d2) = c2p± c′2. (11)

There are three possible cases for the four columns
(c1, c′1, c2, c′2).

(i) c1 and c2 are in the same pair. Then (c1, c′1, c2, c′2) =
(c1, c2, c2, c1).

(ii) c1 and c2 are not in the same pair but belong to the same
groupCi for some i = 1, . . . ,m1, whereCi as in (2) is the
group ofm2 columns resulting from replacing the ith col-
umn of A by the rows of B. In this case, the four columns
c1, c′1, c2, c′2, though distinct, are all from the same group
Ci, since c′1 and c′2 are the companions of c1 and c2,
respectively.

(iii) c1 and c2 are from two different groups. In this case, the
two pairs (c1, c′1) and (c2, c′2) are also from two differ-
ent groups. Then by Proposition 1, (c1, c′1, c2, c′2) is an
OA(n, p4, 4).

It is this case (iii) that gives a stronger space-filling prop-
erty. After the level collapsing by (10), the two-column matrix
(d1, d2) becomes (g(d1), g(d2)) = (c1p± c′1, c2p± c′2), which
must be anOA(n, (p2)2, 2), a p2 level array of strength 2 because
(c1, c′1, c2, c′2) is an OA(n, p4, 4).

LetD be the design obtained by arranging the columns ofD∗

according to the original grouping of the columns ofC. Whereas
the order of the columns of D∗ follows that of C∗, the order of
the columns of D follows that of C. This way, the columns of D
are inm1 groups of sizem2 just likeC. Corresponding to (2), we
write

D = (D1,D2, . . . ,Dm1 ), (12)

where Di corresponds to Ci. We are ready to present the next
theorem.

Theorem 2. Design D as (12) achieves a stratification on a p2 ×
p2 grid in any two dimension provided that the two columns are
from different groups Di1 and Di2 with i1 �= i2.

By Proposition 2 and Theorem 2, we see that design D
achieves a stratification on a p× p grid in all two dimensions
and it achieves a stratification on a finer p2 × p2 grid in those
two dimensions given by two columns from different groups.
The proportion of the two dimensions with this stronger space-
filling property is given by

π = (m1 − 1)m2/(m1m2 − 1), (13)

which is very high and in fact close to 1 so long as m1 is
not too small. For example, for the OD(81, 8140) and the
OD(729, 81364) obtained in Application 1, we have that π =
36/39 = 12/13 and π = 360/363 = 120/121, respectively.

The properties of design D described in Proposition 2 and
Theorem 2 are reminiscent of the notion of mappable nearly
orthogonal arrays recently introduced and studied by Muker-
jee, Sun, and Tang (2014). A mappable nearly orthogonal array
MNOA(n; (sm2 )m1 , (pm2 )m1 ) is an array of n runs form1m2 fac-
tors each with s levels that has m1 groups of m2 factors such
that any two columns form an OA(n, s2, 2) if they are from
different groups, and can be collapsed into an OA(n, p2, 2) if
they are from the same group. Using this definition, we see that
designD becomes anMNOA(n; (sm2 )m1 , (pm2 )m1 )where s = p2
if the p4 levels are collapsed into p2 levels. In other words, D,
an orthogonal design of p4 levels, has an underlying structure
of an MNOA(n; (sm2 )m1 , (pm2 )m1 ) where s = p2. Note that our
D and an MNOA(n; (sm2 )m1 , (pm2 )m1 ) with s = p2 are two dif-
ferent designs notwithstanding their similar space-filling prop-
erties in two dimensions. The former has p4 levels whereas the
latter has p2 levels; the former is an orthogonal design whereas
the latter is not.

In Table 1, we provide some new orthogonal designs that can
be constructed using ourmethod. The space-filling properties of
these designs are characterized using their underlyingmappable
nearly orthogonal arrays in the table.

Of special interest are orthogonal Latin hypercubes con-
structible by our method, some of which are listed in Table 2,
where again their space-filling properties are described by their
underlying mappable nearly orthogonal arrays. Here familiar
notation OLH(n,m) is used to represent an orthogonal Latin
hypercube of n runs form factors. The orthogonal Latin hyper-
cubes in Table 2 are new because of their space-filling prop-
erties. The previous methods (Steinberg and Lin 2006; Pang,
Liu, and Lin 2009) allow construction of an OLH(16, 12), an
OLH(81, 40), an OLH(625, 156), and an OLH(2401, 400) but
these designs only guarantee stratifications on p× p grids in

Table . Some orthogonal designs and their space-filling properties.

p Array A Array B Orthogonal design D Space-filling properties

 OA(32, 48, 2) OA(4, 22, 2) OD(32, 1616) MNOA(32; (42)8, (22)8)
 OA(64, 420, 2) OA(4, 22, 2) OD(64, 1640) MNOA(64; (42)20, (22)20)
 OA(64, 88, 2) OA(8, 26, 2) OD(64, 1648) MNOA(64; (46)8, (26)8)
 OA(128, 816, 2) OA(8, 26, 2) OD(128, 1696) MNOA(128; (46)16, (26)16)
 OA(144, 126, 2) OA(12, 210, 2) OD(144, 1660) MNOA(144; (410)6, (210)6)
 OA(144, 127, 2) OA(12, 28, 2) OD(144, 1656) MNOA(144; (48)7, (28)7)
 OA(162, 919, 2) OA(9, 34, 2) OD(162, 8176) MNOA(162; (94)19, (34)19)
 OA(729, 991, 2) OA(9, 34, 2) OD(729, 81364) MNOA(729; (94)91, (34)91)
 OA(648, 1818, 2) OA(18, 36, 2) OD(648, 81108) MNOA(648; (96)18, (36)18)
 OA(512, 1633, 2) OA(16, 44, 2) OD(512, 256132) MNOA(512; (164)33, (44)33)
 OA(1250, 2550, 2) OA(25, 56, 2) OD(1250, 625300) MNOA(1250; (256)50, (56)50)
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Table . Some orthogonal Latin hypercubes and their space-filling properties.

p Array A Array B OLH(n,m) Space-filling properties π

 OA(16, 44, 2) OA(4, 22, 2) OLH(16, 8) MNOA(16; (42)4, (22)4) .
 OA(81, 910, 2) OA(9, 34, 2) OLH(81, 40) MNOA(81; (94)10, (34)10) .
 OA(256, 1617, 2) OA(16, 44, 2) OLH(256, 68) MNOA(256; (164)17, (44)17) .
 OA(625, 2526, 2) OA(25, 56, 2) OLH(625, 156) MNOA(625; (256)26, (56)26) .
 OA(2401, 4950, 2) OA(49, 78, 2) OLH(2401, 400) MNOA(2401; (498)50, (78)50) .

two dimensionswith p = 2, 3, 5, 7, respectively. The orthogonal
Latin hypercubes OLH(16, 8), OLH(81, 40), OLH(625, 156),
and OLH(2401, 400) in Table 2 from our method achieve strat-
ifications on p2 × p2 grids in most of two dimensions in addi-
tion to being space-filling on p× p grids in all two dimen-
sions, where p = 2, 3, 5, 7, respectively. Table 2 provides this
information through π , defined in (13) to be the proportion of
the two dimensions that are space-filled on p2 × p2 grids. For
n = 256, the method of Steinberg and Lin (2006) can construct
an OLH(256, 248), which has a very high factor-to-run ratio.
On the other hand, their design only promises stratifications
on 2 × 2 grids in two dimensions. Our design OLH(256, 68) in
Table 2 has a smaller factor-to-run ratio but enjoys much better
space-filling properties—it achieves stratifications on 16 × 16
grids in 2176 out of 2278 two dimensions and on 4 × 4 grids
in the remaining 102 two dimensions.

3. Further Results

This section revisits Lin, Mukerjee, and Tang (2009). Our
method in Section 2 is partially inspired by the method of Lin,
Mukerjee, and Tang (2009). As a payback, we now use the ideas
of the former to extend the application scope of the latter.

In a nutshell, the method of Lin, Mukerjee, and Tang (2009)
constructs a large orthogonal Latin hypercube from a small
orthogonal Latin hypercube using an orthogonal array with an
even number of factors. With some adjustments, we present
a version of the method that will allow the construction of a
large orthogonal design from a small orthogonal design using
an orthogonal array with its number of factors not necessarily
even.

Let A be an OA(n, sm1 , 2) as in Section 2, but let B be an
OD(s, pm2 ). Again we replace the uth level in each column of
A by the uth row of B and let C = (C1,C2, . . . ,Cm1 ) denote the
resulting array as before, where Ci is the ith group of m2 fac-
tors from replacing the levels in the ith column of A by the rows
of B. Though not an OA(n, pm1m2 , 2), the resulting array C is
still an OD(n, pm1m2 ). Analogous to Proposition 1, we have the
following simple result.

Lemma 1. Any two columns from different groups Ci1 and Ci2
where i1 �= i2 must form an OA(n, p2, 2), a strength two array.

Now suppose that m1m2 is even and let m1m2/2 = q. Then
Lemma 1will allow us to reorganize them1m2 columns ofC into
q sets of two columns such that each set of two columns gives
an OA(n, p2, 2). This is done as follows. Let ci1, . . . , cim2 be the
columns ofCi. Thus,

C = (c11, . . . , c1m2; c21, . . . , c2m2; . . . ; cm11, . . . , cm1m2 ).

Note that any two consecutive columns in the following ordered
list:

c11, c21, . . . , cm11; c12, c22, . . . , cm12; . . . ; c1m2 , c2m2 , . . . , cm1m2

(14)
are from different groups. Thus, if we take two columns at a
time in the order given by (14), we obtain q = m1m2/2 sets
of two columns, each being an OA(n, p2, 2). Let these sets be
C(1), . . . ,C(q) andC∗ = (C(1), . . . ,C(q)). Then we see that

D∗ = (C(1)R, . . . ,C(q)R), where R =
(
p −1
1 p

)

is anOD(n, (p2)m)wherem = m1m2. Like before, we rearrange
the columns of D∗ according to the order of columns in C, and
let

D = (D1, . . . ,Dm1 ), (15)

where the columns ofDi can be regarded as the rotated columns
of Ci. Note that D becomes C if its p2 levels are collapsed into p
levels according to

h(x) =
[
x + (p2 − 1)/2

p

]
− (p− 1)/2 for x ∈ �(p2).

We summarize the above results in a proposition.

Proposition 3. Design D constructed above and given in (15) is
an OD(n, (p2)m1m2 ) and achieves a stratification on a p× p grid
in any two dimension provided that the two columns are from
different groups Di1 and Di2 with i1 �= i2.

Compared with the original version in Lin, Mukerjee, and
Tang (2009), the above version has two new aspects. One is that
B can be any orthogonal design, which is not necessarily an
orthogonal Latin hypercube. This may be trivial mathematically
but recognizing the fact and making it explicit allow a richer
class of orthogonal designs to be constructed. The other is that
we only need to assume m1m2 is even whereas Lin, Mukerjee,
and Tang (2009) assumed an even m1. Obviously, the new case
of odd m1 and even m2 is now covered. Table 3 presents what
we can accomplish with our improved method by construct-
ing some orthogonal Latin hypercubes that are not previously
available. For a comparison, the corresponding orthogonal Latin
hypercubes that can be constructed from the original method of

Table . Some orthogonal Latin hypercubes from our improved method.

Array A Array B Improved LMT Original LMT

OA(64, 89) OLH(8, 4) OLH(64, 36) OLH(64, 32)
OA(144, 127) OLH(12, 8) OLH(144, 56) OLH(144, 48)

OA(256, 1617) OLH(16, 12) OLH(256, 204) OLH(256, 192)
OA(1024, 3233) OLH(32, 16) OLH(1024, 528) OLH(1024, 512)
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Lin, Mukerjee, and Tang (2009) are given in the last column of
the table. We see that the orthogonal Latin hypercubes from our
method all have more columns than those given by the origi-
nal method. It is noteworthy that the OLH(256, 204) in Table 3
offers an appealing compromise between the OLH(256, 68) in
Table 2 and the OLH(256, 248) of Steinberg and Lin (2006)
if both the factor-to-run ratio and space-filling properties are
important to an experimenter. Finally, we note that in Table 3
the OLH(8, 4) is from Ye (1998), the OLH(12, 8) from Geor-
giou (2009), the OLH(16, 12) from Steinberg and Lin (2006),
and the OLH(32, 16) is from Sun, Liu, and Lin (2009).

4. Summary and Discussion

A general method is presented in Section 2 that allows the
construction of a rich class of space-filling orthogonal designs.
The method can construct orthogonal Latin hypercubes as well
as other orthogonal designs. Compared to Steinberg and Lin
(2006) and Pang, Liu, and Lin (2009), our method is simple as it
does not require the use of finite fields andprojective geometries.
The most salient feature of our method is its space-filling prop-
erties, producing orthogonal designs that achieve much better
stratifications in low-dimensional projections. The ideas of our
construction in Section 2 are then used in Section 3 to obtain
an improved version of the method of Lin, Mukerjee, and Tang
(2009), making it more flexible in the choices of base arrays.

Table 1 in Section 2 provides some orthogonal designs con-
structible using our method. These designs are all new as there
has not been a previous method available that allows the con-
struction of orthogonal designs with space-filling properties.
In Table 2 of Section 2, we list some orthogonal Latin hyper-
cubes obtained by our method. Orthogonal Latin hypercubes
with similar parameters can also be constructed using the previ-
ous methods (Steinberg and Lin 2006; Pang, Liu, and Lin 2009)
but they only promise a weak space-filling property. In contrast,
the orthogonal Latin hypercubes in Table 2 from our method
guarantee a much stronger space-filling property. Compared to
the original method of Lin, Mukerjee, and Tang (2009), our
improved version in Section 3 can construct orthogonal Latin
hypercubes with more columns, some of which are tabulated in
Table 3.

For a given set of parameters n, s,m1, p,m2, our method
in Sections 2 can be used to generate a family of space-filling
orthogonal designs. Nonisomorphic choices of A and B lead to
different versions of the final design D. Even for given A and
B, one can permute the levels in each column of array C before
the action of rotating-in-groups to obtain different final designs
D. All these final designs have the same orthogonality property
as stated in Theorem 1 and the same space-filling properties as
guaranteed by Proposition 2 and Theorem 2. The availability of
these different versions of design D provides us with an oppor-
tunity of finding better ones using some secondary design cri-
teria. With respect to orthogonality, one can further evaluate
these designs using three-orthogonality (Bingham, Sitter, and
Tang 2009), which provides a measure for the robustness of lin-
ear effect estimates to second-order effects. As for the space-
filling property, distance or discrepancy criteria may be used for
design selection. Compared to the minimax distance criterion,
the maximin distance criterion is more convenient to use as its

evaluation depends only on the design points but not on other
points in the design region (Johnson, Moore, and Ylvisaker
1990). Among the many existing discrepancy criteria, the cen-
tered L2 discrepancy is very attractive (Hickernell 1998). A full
investigation of further evaluating our space-filling orthogonal
designs based on some secondary criteria described above is out
of scope for this article. Nonetheless, this represents an impor-
tant direction we will look at in the future. Finally, we note that
similar studies for Latin hypercubes and OA-based Latin hyper-
cubes were previously carried out byMorris andMitchell (1995)
and Leary, Bhaskar and Keane (2003), respectively.

Appendix: Proofs

Proof of Proposition 1. Without loss of generality, we only need to consider
C1 andC2. Let a1, a2 be the first two columns of A. Thus,Ci where i = 1, 2
is obtained by replacing the uth level of ai by the uth row of B for every
u = 1, . . . , s. Let ci, di be any two columns of Ci for i = 1, 2. As A is an
OA(n, sm1 , 2), each pair (u1, u2) where u1, u2 ∈ �(s) occurs λ1 times as a
row in matrix (a1, a2), where n = λ1s2. Since B is an OA(s, pm2 , 2), each
pair (v1, v2) where v1, v2 ∈ �(p) occurs λ2 times as a row in any subma-
trix of two columns of B, where s = λ2p2. Thus, each pair (v1, v2), as a row
of matrix (c1, d1), must meet each pair (v ′

1, v
′
2), as a row of matrix (c2, d2),

λ1λ
2
2 times in the rows of (c1, d1, c2, d2), where v1, v2, v

′
1, v

′
2 ∈ �(p). In

other words, each four-tuple (v1, v2, v
′
1, v

′
2) where v1, v2, v

′
1, v

′
2 ∈ �(p)

must occur λ1λ
2
2 times in the rows of (c1, d1, c2, d2). This establishes that

(c1, d1, c2, d2) is an OA(n, p4, 4). �

Proof of Theorem 1. The orthogonality of design D∗ follows from the facts
that R is an orthogonal matrix and that C∗, as an OA of strength 2, is an
orthogonal design. From Pang, Liu, and Lin (2009), it is known that ifC( j)

is a full p4 factorial of single replicate, thenC( j)R is a design with each of the
four factors having equally spaced p4 levels in �(p4). In our case, eachC( j)

is anOA(n, p4, 4), which is a full p4 factorial ofn/(p4) replicates. Therefore,
each of the four factors in C( j)R must also have equally spaced p4 levels in
�(p4), all repeated n/(p4) times. This completes the proof. �

Proof of Proposition 2. We only need to show that f (d) = c, the meaning of
which is that d becomes c after f is applied to every component of d. In the
following derivations, f (d) is to be interpreted as we are working with any
given component of d. We now have

f (d) =
[
cp3 ± c′p2 ± c′′p± c′′′ + (p4 − 1)/2

p3

]
− (p− 1)/2

=
[
b1p3 + b2p2 + b3p+ b4

p3

]
− (p− 1)/2,

where b1 = c + (p− 1)/2, b2 = ±c′ + (p− 1)/2, b3 = ±c′′ + (p− 1)/2,
and b4 = ±c′′′ + (p− 1)/2. As the entries of (c,±c′,±c′′,±c′′′) are all in
�(p), the entries of (b1, b2, b3, b4)must all take values in {0, 1, . . . , p− 1}.
This means that b2p2 + b3p+ b4 must have values less than p3. We there-
fore have f (d) = b1 − (p− 1)/2 = c, as desired. �

Proof of Theorem 2. That g(d1) = c1p± c′1 and g(d2) = c2p± c′2 as in (11)
can be proved in the sameway aswe prove f (d) = c for Proposition 2.What
remains to be shown is that (g(d1), g(d2)) is an OA(n, (p2)2, 2). This can
be seen to be true from the following:

(a) since (c1, c′1, c2, c′2) is an OA(n, p4, 4) taking levels from �(p),
(c1,±c′1, c2,±c′2) is also an OA(n, p4, 4) taking levels from �(p);

(b) because of (a), each pair (v1, v
′
1), as a row of (c1,±c′1), must meet

each pair (v2, v
′
2), as a row of (c2,±c′2), λ = n/(p4) times in the rows of

(c1,±c′1, c2,±c′2), where v1, v
′
1, v2, v

′
2 ∈ �(p);

(c) x1p+ x2 establishes a one-to-one correspondence between
the p2 pairs (x1, x2) where x1, x2 ∈ �(p) and the p2 levels in
�(p2). �
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